Title: Degenerating Discriminants
Speaker: Clara Briand (ENS and MPI-MiS)

Abstract: Given an embedded projective variety, its dual parametrizes
hyperplanes tangent to its smooth locus. When it has codimension one, its
defining polynomial is called the discriminant. Discriminants appear often in
applications, notably, in polynomial system solving, but are difficult to compute
in practice. A natural approach to do so is to degenerate the original variety to
a simpler one, whose discriminant is easier to compute.

In this talk, I will present a geometric framework for understanding discrim-
inants under flat degenerations. The key object will be the relative conormal
space, from which the degeneration of the dual variety can be recovered by pro-
jecting onto the dual space. For Grobner degenerations, the relative conormal
space is itself a Grobner degeneration, with extra components arising in the
limit. These are described through a Whitney stratification, and their multi-
plicities are computed using Euler obstructions and local Milnor fibers through
Sabbah’s formula. These results extend naturally to higher associated hyper-
surfaces in Grassmannians. I will conclude with several applications, including
hypersurfaces with isolated singularities, generic complete intersections, recipro-
cal linear spaces, and mixed discriminants for systems of polynomial equations.
This is joint work with Viktoriia Borovik.



Practical Study on Solving Polynomial Systems corresponding to
Algebraic Attacks on Symmetric Primitives

Baptiste Daumen

Abstract

This work examines Arithmetisation-Oriented Primitives: cryptographic permutations developed for
new protocols such as Fully Homomorphic Encryption, Multi Party Computing and Zero-Knowledge
Proof. These primitives are also relevant in the context of post-quantum cryptographic protocols.
For example, SPHINX and Picnic are post-quantum signature schemes based on symmetric cryp-
tographic primitives. To assess their security, we focus on algebraic attacks relying on the Grébner
basis theory, which allow to find solutions of a system of equations composed of multivariate poly-
nomials. Such an attack is well-suited to uncover weaknesses of these permutations due to their
algebraic structure.

In order to fully understand how such attacks work, it is necessary to conduct both a theoretical
analysis of the systems and a practical study. We focused on the second aspect, particularly on
the tools used to carry out these attacks. When executed within a computer algebra system, the
functions involved operate as black boxes. Then, it appears necessary to get an understanding of
the algorithms implemented in these libraries. Thus, we provided a state-of-the-art overview of
SageMath libraries to compute Grébner bases: Singular, Macaulay2, Giac, msolve and Magma. In
addition to this review, we developed a tool that allows to perform algebraic attacks on a chosen
primitive and to model cryptographic problems while having a large choice for the parameters
related to the primitive itself and the attack. This tool implements many optimisations to enable
the execution of a very large number of experiments and offers functions to analyse the results
obtained. It is made available to foster the research in this domain.

The first result provides a comparison of all the algorithms available in SageMath for computing
a Grobner basis, as well as a comparison of the algorithms for changing term orders. In addition,
for Singular and Magma, it returns the execution trace of the selected Groébner basis algorithm,
which can be essential for estimating the time complexity.

This tool also makes it possible to generate random systems of equations that share the same
structure as those arising from real cryptographic problems. We apply the same algebraic attack
to these systems and compare the resulting timings as well as the degrees associated with the ideal
(both the ideal degree and the solving degree). Time complexity is lower for our systems than for
random ones. We have also observed that the ideal degree is lower than expected for an ideal with
generators of a particular shape (the Bézout bound is not tight in our case). Thus, these practical
observations raise new questions related to the particular shape and properties of our systems.

We have fixed bugs in SageMath, which was necessary in order to allow us to perform experiments
over a larger range of parameters.



Graphical Models and their Polynomial Systems in OSCAR

Antony Della Vecchia

Abstract

We present the AlgebraicStatistics section of the 0SCAR computer algebra system [I]. We
give an overview of graphical models and the polynomial systems that arise from them. In
particular, we describe how directed, undirected, and mixed graphs give rise to parametrizations
and vanishing ideals. We discuss properties of the Julia programming language and design
decisions of the graphical models framework in OSCAR that allows users to easily extend the
framework for their own use cases.

We further highlight the range of tools available within 0SCAR for working with these systems.
These include computational tools such as multigraded implicitization [2] but also tools for
collecting and storing [3] families of examples in databases.
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CHOW CLASSES OF GENERALIZED SCHUBERT VARIETIES
Matéj Dolezdlek

Schubert varieties are a classical object of algebraic geometry with connections to combinatorics and
representation theory. They constitute an affine stratification of the Grassmannian indexed by Young
diagrams, and in intersection theory, this stratification makes their classes into a basis of the Chow
ring of the Grassmannian.

In this talk, I will discuss the generalized Schubert variety Yy, which may be associated to a linear
space of matrices L. The Chow class [Y7] then becomes an interesting invariant of L. The coefficients
of [Y7] may be computed by intersecting it with classical Schubert classes, hence the computation
amounts to determining the generic number of solutions to a particular polynomial system randomly
sampled using L.



Toward a unified theory for common affine roots of
general sets of multivariate polynomials

Olav Geil

AALBORG UNIVERSITY (DENMARK) — DEPARTMENT OF MATHEMATICAL SCIENCES

Abstract

For univariate polynomials over arbitrary field the degree gives an upper
bound on the number of roots (factor theorem) and as a related result for
any finite point-set one can construct a polynomial of degree equal to the
cardinality having all the points as roots (interpolation theorem). Tao noted
in [1] that the theory of multivariate polynomials is not yet sufficiently matured
to provide similar theorems with an equally simple relation between them. In
the present paper we argue that for general multivariate polynomials the right
measure for the size of the polynomial should not be the degree, but the leading
monomial. In this setting the footprint bound becomes a natural enhancement
of the factor theorem providing a bound on the number of common roots of
general multivariate polynomials which is sharp for all finite Cartesian product
point-sets. As our main contribution, by using methods from the theory of
error-correcting codes we establish a natural formulation of the interpolation
theorem to the case of common roots of multivariate polynomials. In short the
two theorems reduce to the same result, but for dual spaces, establishing the
unification requested in [1].

Keywords: Affine roots, footprint bound, interpolation, multivariate polynomials
MSC: 05E40, 12E05
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When Homotopy Gets Real:
Numerical Decomposition of Real Algebraic Curves and Surfaces in Julia

Juan Camilo Gonzalez
Courant Institute of Mathematical Sciences, New York University

HomotopyGetsReal.jl is a Julia package for the numerical decomposition of real algebraic curves and
surfaces into cell complexes, built natively on HomotopyContinuation.jl. It reimplements the critical-
point-based decomposition pipeline of Bertini_real as a single, dependency-light Julia package, with
no external binaries and no separate symbolic-computation environment required. This goes beyond
Bertini_real’s original design in two ways: an optional generic-projection mode handles cases where
fixed-coordinate slicing fails outright, such as a torus sliced along its hole axis, and a diagnostic isosin-
gular deflation subsystem is validated against Hauenstein and Wampler’s own published examples, in-
cluding the Whitney umbrella.

The talk covers the library’s architecture, including type-stable parametric data structures and a single
configuration object holding every numerical tolerance used in the pipeline, along with its validation,
including a coordinate-level comparison against Bertini_real’s own output on the astroid curve. Along
the way, we situate the library relative to symbolic and exact approaches such as AlgebraicSolving.jl and
msolve.

HomotopyGetsReal jl is registered in Julia’s General package registry and released under the MIT li-
cense.



Solving Stengle’s Example in Rational Arithmetic:
Exact Values of the Moment-SOS Relaxations

Didier Henrion*

July 8, 2026

Abstract

We revisit Stengle’s classical univariate polynomial optimization example min1 — 2?2 s.t.
(1 — 2?)3 > 0 whose constraint description is degenerate at the minimizers [G. Stengle.
Complexity estimates for the Schmiidgen Positivstellensatz. Journal of Complexity 12:167-
174, 1996]. We prove that the moment-sums-of-squares (SOS) hierarchy of relaxation order
r > 3 has the exact value —1/r(r — 2). For this we construct in rational arithmetic a dual
polynomial SOS certificate and a primal moment sequence representing a finitely atomic
measure. The key ingredients are elementary trigonometric properties of Chebyshev and
Gegenbauer polynomials, and a Christoffel-Darboux kernel argument.

*LAAS-CNRS, University of Toulouse, France and Faculty of Electrical Engineering, Czech Technical Univer-
sity in Prague, Czechia.



Noncommutative Grobner Bases:
Theory, Applications, and Software

Clemens Hofstadler

Research Institute for Symbolic Computation (RISC)
Johannes Kepler University Linz, Austria
clemens.hofstadler@jku.at

Abstract

Grobner bases in free (noncommutative) algebras have received growing at-
tention in recent years, motivated by applications in areas such as automated
theorem proving [1, 2], graph and matroid theory [3], and game theory [4]. In
this talk, we review the main aspects of the theory of noncommutative Grébner
bases, present some of these applications, and discuss existing software for their
computation.

References

[1] J.W. Helton and J.J. Wavrik. Rules for computer simplification of the for-
mulas in operator model theory and linear systems. In: Nonselfadjoint Op-
erators and Related Topics, Birkhauser, Basel, 1994, 325-354.

[2] C. Hofstadler, C.G. Raab, and G. Regensburger. Universal truth of opera-
tor statements via ideal membership. J. Pure Appl. Algebra 230(4) (2026),
108221.

[3] V. Levandovskyy, C. Eder, A. Steenpass, S. Schmidt, J. Schanz, and M. We-
ber. Ezistence of quantum symmetries for graphs on up to seven vertices: a
computer based approach. In: Proceedings of ISSAC 2022, ACM, 2022, 311-
318.

[4] S. Yan, J. Yang, T. Yu, and L. Zhi. A characterization of perfect strategies
for mirror games. In: Proceedings of ISSAC 2023, ACM, 2023, 545-554.



From Circuits to Ideals:
Grobner Bases for Formal Verification

Daniela Kaufmann

TU Wien, Austria
daniela.kaufmann@tuwien.ac.at

Abstract. Formal verification of arithmetic circuits remains a challeng-
ing problem in automated reasoning. While SAT-based techniques have
achieved remarkable success across many verification domains, arithmetic
hardware continues to pose significant challenges. One of the most effec-
tive approaches in this setting relies on algebraic reasoning: a circuit,
represented as an and-inverter graph, is encoded as a system of poly-
nomials that induces a Grobner basis, and correctness is established by
reducing a polynomial specification with respect to this basis.

I will present arithmetic circuit verification from a computer algebra
perspective, highlighting how symbolic computation can reveal structural
properties that substantially simplify verification problems.
Furthermore, I will discuss a recent approach that addresses one of the
main bottlenecks of algebraic verification: the monomial blow-up that oc-
curs during specification rewriting. Rather than focusing computational
effort on rewriting the specification, we rewrite the Grobner basis itself
to expose useful linear relations using algebraic guesses and SAT-based
proofs. The resulting approach significantly simplifies the reduction pro-
cess and improves the scalability of arithmetic circuit verification.



Title: Improving scalability in MQ solving: A memory-access study on the XL-Wiedemann
algorithm

Authors: Daniel Cabarcas, Felipe Cabarcas, Tung Chou, Felipe Merino, Javier Verbel
Speaker: Felipe Merino Toro

Abstract: The objective of this work is to develop a scalable implementation of an
MQ-solver in order to realistically assess the security of digital signature schemes based on
the MQ problem. In most known efficient MQ-solvers, memory is the limiting factor, and the
cost of memory access is not well understood. Such implementations do not scale well
beyond a few dozen tightly connected processing units. This work develops an MQ-solver
based on the XL-Wiedemann algorithm, optimized so that memory is no longer the limiting
factor, allowing it to properly scale to the level of a supercomputer. This will enable us to
adequately account for the cost of memory access and to realistically evaluate the security
of MQ-based digital signature schemes.



Speaker:
Pierre Pébereau

Title:
Genericity results for UOV

Abstract:

The analysis of systems of polynomial equations arising in the study
of post-quantum multivariate signatures, such as UOV and its
variants, is only possible under various regularity assumptions.

A first example is that the sequence of polynomials in a UOV public
key must be a regular sequence, otherwise the complexity analysis of
the direct forgery attack fails.

More involved assumptions must be made for more sophisticated
attacks, for instance the semi-regularity of the sequences of
polynomials arising in the Intersection attack of Beullens, the absence
of false positives in the Kipnis-Shamir attack, the precise Hilbert
series obtained in the different modelings of the MinRank problem,
etc.

We introduce tools that intend to at least partially solve the issue of
relying on heuristics that can be hard to verify experimentally for
cryptographic parameters, by proving that these regularity properties
hold for UOV keys belonging to Zariski open subsets of quadratic
polynomial sequences.

In some cases, we are able to prove that these Zariski-open sets are
non-empty in any field of characteristic not two, and in all cases these
sets are non-empty if the characteristic is sufficiently large.

For various small instances of UOV and its variants, we have
performed experiments in small fields, which prove the non-
emptiness of these sets and thus the genericity of our results.

Finally, we apply these results to formally prove heuristics used in the
analysis of several attacks against UOV and its variants.

Joint work with S. Abelard and M. Safey el Din.



Classifying 5-Gaussoids with Exact Algebra
and Rigorous Numerics

Tobias Boege, Thomas Kahle, and Elima Shehu

For Gaussian random variables, every elementary conditional independence statement is equivalent
to the vanishing of an almost-principal minor of the covariance matrix. Gaussoids encode the
compatible patterns of these vanishing minors. Their realizability problem asks which abstract
gaussoids arise from positive-definite covariance matrices.

For five variables there are 60,212,776 labelled gaussoids and 16,981 representatives modulo sym-
metry. In this ongoing work, we first study their complex realizability, requiring the prescribed
almost-principal minors to vanish and all remaining almost-principal and principal minors to stay
nonzero. An empty complex locus rules out the entire symmetry orbit, whereas a complex point
does not yet imply a real positive-definite realization.

We combine exact saturation, polynomial identities, rational charts, rigorous interval Krawczyk
certificates, and numerical searches. The current checked database contains 15,513 C-realizable
representatives, 1,322 with no complex realization, and 146 exact-unknown cases. Among the
unknowns, 70 have accepted numerical candidates, 14 of which also have certified real solutions of
randomized square systems computed with HomotopyContinuation.jl. I will compare these methods
and explain how algebraic dependencies lead to rank-aware certificates. This nearly complete
complex pre-screen is only the first stage toward the final positive-definite classification.

Talk abstract for ALBATROSS 2026, Sorbonne Université, Paris, 1-4 September 2026.



A data structure for monomial ideals in signature Grobner basis
computations

Authors: Pierre Lairez, Rafael Mohr, Théo Ternier

Speaker: Théo Ternier

Abstract:

Testing whether a monomial belongs to a monomial ideal is a fundamental operation
in signature Grobner basis computations [2][4], where such tests are performed repeatedly
to detect redundant reductions and reductions to zero. We introduce monomial divisibil-
ity diagrams (MDDs) [5], a data structure for monomial ideals that supports incremental
insertion of generators together with fast membership tests. MDDs arise from a canon-
ical tree representation in which identical subtrees are maximally shared [3], yielding a
compact directed acyclic graph representation.

We establish basic complexity bounds for membership and insertion, and study both
empirically and theoretically the size of the MDDs arising in Grobner basis computa-
tions. We integrate MDDs into the signature Grébner basis implementation of the Julia
package AlgebraicSolving.jl [1], and show that their use leads to substantial speed-ups.

Finally, we show how the structure of MDDs can also be exploited to compute Hilbert
series [6] of monomial ideals efficiently.
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A Spurious Local Minimum for the Logarithmic Fekete
Problem on S? using Grobner Bases and Interval
Arithmetic via msolve

Matias Valdés

Abstract

We present a computer-assisted proof of the existence of a spurious local minimum
for the logarithmic Fekete problem on S2. Although numerical evidence suggests that the
number of spurious local minima of this problem increases dramatically with the number
of points on the sphere, no formal proof for their existence on S? was known until now.
Our configuration consists of 16 points on the sphere, placed at the vertices of four squares
at parallel planes of different heights, with 45 degrees of phase between adjacent squares.
Our method relies on block diagonalizing the Hessian matrix of the optimization problem
by means of linear representations of the group of symmetries of the critical configuration,
and then classifying the configuration by using Grébner bases and interval arithmetic (via
msolve) to determine the sign of the eigenvalues of each block.



Speaker:
Mauricio Velasco

Title:
Exact sum-of-squares certificates and peak estimation problems in
dynamical systems.

Abstract:

In this mini-course we will survey the fundamental connection between
nonnegativity certificates for multivariate polynomials and sums-of-squares
and some novel tools for making such certificates exact. As a concrete
application we focus on Peak estimation: the problem of determining the
maximum value achieved by a given function over a collection of
trajectories of a system controlled by an ordinary differential equation. We
will discuss some novel results on exact certification of peak values via
lifted Putinar certificates.



Arrangements and Likelihood

Maximilian Wiesmann*

Abstract

We establish connections between hypersurface arrangements and like-
lihood geometry. Thereby arises a new description of the prime ideal of
the likelihood correspondence of a parametrised statistical model. The
likelihood correspondence captures the relation between data and critical
points of the log-likelihood function. The description rests on the Rees al-
gebra of the likelihood module of the arrangement, a module that is closely
related to the module of logarithmic derivations introduced by Saito for
a general hypersurface. Our new description is often computationally ad-
vantageous, simplifying an expensive saturation step. A particular focus
is put on generic hypersurface arrangements, where we prove a determi-
nantal representation of the likelihood ideal.

Based on joint works with T. Kahle, L. Kiihne, L. Mihlherr, H.
Schenck and B. Sturmfels.

*Center for Systems Biology Dresden/MPI CBG/MPI PKS/TU Dresden, Germany
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